Introduction
In the number field setting, Bang-Zsigmondy's theorem [5] [20] states that for any integers u, m > 1, there exists a prime divisor ℘ of u m − 1 such that ℘ does not divide u n − 1 for every integer n with 0 < n < m, except exactly in the following cases: (i) m = 2, and u = 2 s − 1 for some integer s ≥ 2; or (ii) m = 6, and u = 2. A prime ℘ satisfying the conditions in Bang-Zsigmondy's theorem is called a Zsigmondy prime for (u, m). Bang-Zsigmondy's theorem has many applications; for example, the existence of Zsigmondy primes was used in the original proof of Wedderburn's theorem [19] . See also [1] for applications of Zsigmondy primes in theory of finite groups.
If ℘ is a Zsigmondy prime for (u, m) for some integers u, m > 1, then the multiplicative order of u modulo ℘ is exactly m, which implies that Zsigmondy primes are associated to the multiplicative group G m (Q).
Feit [9] observed that if ℘ is a Zsigmondy prime for (u, m), then ℘ ≡ 1 (mod m) since the multiplicative order of u modulo ℘ is exactly m. The last congruence implies that ℘ ≥ m + 1, which in turn motivated Feit to introduce the following notion of a large Zsigmondy prime: a prime ℘ is called a large Zsigmondy prime for (u, m) if ℘ is a Zsigmondy prime for (u, m) such that either ℘ > m + 1 or ℘ 2 divides u m − 1. In [9] , Feit proved a refinement of Bang-Zsigmondy's theorem. He showed that for any integers u, m > 1, there exists a large Zsigmondy prime for (u, m) except exactly in the following cases:
(i) m = 2 and u = 2 s 3 t − 1 for some positive integer s, and either t = 0 or 1. It is obvious that Bang-Zsigmondy's theorem follows immediately from Feit's theorem. There are many strong analogies [11] [15] [17] between number fields and function fields. It is wellknown (see [11, Chapter 3] ) that the Carlitz module is an analogue of the multiplicative group G m . The aim of this paper is to search for new analogous phenomena between the Carlitz module and the multiplicative group G m . We will introduce notions of Zsigmondy primes and large Zsigmondy primes for the Carlitz module, and prove a Carlitz module analogue of Bang-Zsigmondy's theorem and an analogue of Feit's theorem in the Carlitz module context.
Throughout the paper, let q = p s , where p is a prime and s is a positive integer. Let F q be the finite field of q elements. Let A = F q [T ], and let k = F q (T ). Let τ be the mapping defined by τ (x) = x q , and let k τ denote the twisted polynomial ring. Let C : A → k τ (a → C a ) be the Carlitz module, namely, C is an F q -algebra homomorphism such that C T = T + τ .
1.1.
A Carlitz module analogue of Bang-Zsigmondy's theorem. The main ingredient in the notion of Zsigmondy primes in the number field context is the notion of the multiplicative order of an integer modulo a prime. Hence in order to define a Carlitz module analogue of Zsigmondy primes, we need to find a function field replacement for the notion of the multiplicative order of an integer modulo a prime.
In [8] , we introduced the notion of the Carlitz annihilator of a monic prime ℘ ∈ A, which is a function field replacement for the multiplicative order of 2 modulo a prime. In Section 3 of the present paper, we will prove a result (see Proposition 3.1) that motivates a generalization of the Carlitz annihilator of a monic prime to a couple (u, ℘), where u is a nonzero polynomial in A and ℘ is a monic prime. If ℘ does not divide u, the Carlitz annihilator of a couple (u, ℘), denoted by P u,℘ , is the unique monic polynomial in A of least positive degree such that C Pu,℘ (u) ≡ 0 (mod ℘), i.e., P u,℘ divides m for any nonzero polynomial m ∈ A with C m (u) ≡ 0 (mod ℘). If ℘ divides u, we simply let P u,℘ = 1.
The Carlitz annihilator of a couple (u, ℘) can be viewed as a replacement in the function field setting for the multiplicative order of an integer u modulo a prime ℘ in the number field setting. This analogy is crucial throughout the current work. The basic analogy between the multiplicative group G m and the Carlitz module C that will be used throughout this paper is illustrated in Table 1 .
The multiplicative group G m
The Carlitz module C u m − 1 for u, m ∈ Z >0 C m (u) for m, u ∈ A
The multiplicative order of u modulo ℘ The Carlitz annihilator of (u, ℘) In the number field context, recall that a prime ℘ is a Zsigmondy prime for (u, m) if the multiplicative order of u modulo ℘ is exactly m. The analogy in Table 1 suggests that one can define a Carlitz module analogue of Zsigmondy primes as follows. For any nonzero polynomials u, m ∈ A, a monic prime ℘ is called a Zsigmondy prime for (u, m) if the Carlitz annihilator of (u, ℘) is m. In more concrete terms, this means that ℘ divides C m (u), and C n (u) ≡ 0 (mod ℘) for any nonzero polynomial n ∈ A with deg(n) < deg(m).
It is natural to ask whether there exists a Zsigmondy prime for a given couple (u, m), where u, m are nonzero polynomials in A. Note that if deg(m) = deg(u) = 0, then C m (u) = mu ∈ F Theorem 1.1 (See Theorem 4.4 and Theorem 5.2). Assume that q > 2. Let m, u be monic polynomials in A such that at least one of them is of positive degree. Then there exists a Zsigmondy prime for (u, m) except exactly in the following cases:
(i) q = 3, u = 1, and m = (℘ − 1)℘, where ℘ is an arbitrary monic prime of degree 1 in F 3 [T ] .
(ii) q = 2 2 , u = 1, and m = (℘ − 1)℘, where ℘ is an arbitrary monic prime of degree 1 in F 2 2 [T ]. Theorem 1.1 will be split into two parts. The first part is Theorem 4.4 that considers the case when p = 2. The second part is Theorem 5.2 that treats Theorem 1.1 in the case when p = 2.
A Carlitz module analogue of the classical Bang-Zsigmondy theorem was first considered by Bae in [3] . In fact, Bae considered a more general analogue of the classical Bang-Zsigmondy theorem, which can be viewed as a function field analogue of the classical Zsigmondy theorem. (See [20] or [6] for an account of the classical Zsigmondy theorem. Note that Birkhoff and Vandiver [6] independently discovered Zsigmondy's theorem in 1904 after the theorem was first proved by Zsigmondy [20] in 1892.) It seems that the main result in Bae [3] (see [3, Theorem 4.10] ) is erroneous. Before pointing out the error in [3, Theorem 4.10] , let us recall the statement of Theorem 4.10 in [3] .
Let u, v be relatively prime elements in A, and let m be a monic polynomial in A. Set
Following Bae [3] , a monic prime ℘ is called a primitive factor of Z m (u, v) if Z m (u, v) ≡ 0 (mod ℘), and Z n (u, v) ≡ 0 (mod ℘) for any monic divisor n of m with n = m. Note that when v = 1, the notion of primitive factors in [3] agrees with that of Zsigmondy primes introduced in this paper. Theorem 4.10 in Bae [3] states that if q > 2 and deg(m) > 0, then Z m (u, v) has at least one primitive factor except exactly in the following case:
(PF) q = 3, u = ±1, v = ±1, and m = (℘ − 1)℘, where ℘ is an arbitrary monic prime of degree one in F 3 [T ] . We now provide a counterexample to Theorem 4.10 in Bae [3] . Indeed, if one takes q = 2 2 , u = v = 1, and m = (℘ − 1)℘, where ℘ is an arbitrary monic prime of degree one in F 2 2 [T ], then Table 3 in the proof of Lemma 5.4 shows that there exits no Zsigmondy prime for (u, m), i.e., Z m (u, v) has no primitive factors in this case, which provides a counterexample to Theorem 4.10 in Bae [3] .
We should also note that in his Ph.D. thesis (see [4, Theorem 4.2.10] ), Bamunoba, following closely the techniques in Bae [3] , attempted to give a different proof to Theorem 4.10 in Bae [3] . Due to the counterexample to Theorem 4.10 in Bae [3] that we pointed out above, it seems that the proof of Theorem 4.2.10 in Bamunoba [4] is also erroneous.
Note that the techniques that Bae exploited in [3] are based on the work of Birkhoff and Vandiver [6] . We, however, use completely different arguments from Bae [3] to prove Theorem 1.1, and the strategy of our proof is similar to the work of Roitman [16] . Let us now describe the strategy of our proof of Theorem 1.1 in detail.
In Section 3, we obtain a function field analogue of Lüneburg's theorem (see Lüneburg [14, Satz 1] or Roitman [16, Proposition 2] for an account of Lüneburg's theorem in the number field context) that describes a sufficient and necessary condition under which a prime ℘ is a non-Zsigmondy prime for (u, m). Assume that q > 2. Let m, u be monic polynomials in A such that m is of positive degree. Let ℘ be a monic prime dividing Ψ m (u), where Ψ m (x) ∈ A[x] denotes the m-th cyclotomic polynomial (that will be reviewed in Section 2). Let P u,℘ be the Carlitz annihilator of (u, ℘). Then (i) ℘ is a non-Zsigmondy prime for (u, m) if and only if ℘ divides m.
(ii) if ℘ is a non-Zsigmondy prime for (u, m), then m = P u,℘ ℘ s for some positive integer s. Furthermore ℘ 2 does not divide Ψ m (u). Using Theorem 1.2, and under the assumption that there are no Zsigmondy primes for a pair (u, m), we deduce that the prime factorization of Ψ m (u) in A is of very special form. If the characteristic p of k is not equal to 2, then Ψ m (u) is a prime dividing m (see Corollary 4.3). If p = 2, then either Ψ m (u) is a prime dividing m or Ψ m (u) = ǫ℘(℘ − 1), where ǫ ∈ F × q and both ℘ and ℘ − 1 are monic prime divisors of m (see Lemma 5.1). In either case, by deriving several lower bounds for deg(Ψ m (u)), we show that except the exceptional cases (i), (ii) in Theorem 1.1, the prime factorization of Ψ m (u) can not fall into these forms, and of course this proves that there must exist a Zsigmondy prime for (u, m). Theorem 1.1 can also be interpreted in terms of divisibility sequences and Zsigmondy sets in A.
A sequence (a m ) m∈A ⊂ A is called a divisibility sequence in A if a mn ≡ 0 (mod a m ) for all m, n ∈ A. For a given nonzero polynomial u in A, we see that the sequence S C = (C m (u)) m∈A is a divisibility sequence in A.
Let S = (a n ) n∈A be a sequence of polynomials in A, and let m be a polynomial in A. A monic prime ℘ in A is called a Zsigmondy prime for a m if ℘ divides a m , and a n ≡ 0 (mod ℘) for any nonzero polynomial n with deg(n) < deg(m). The notion of a Zsigmondy prime for a given term a m in a sequence S = (a n ) n∈A agrees with that of a Zsigmondy prime for a given couple (u, m) when S = S C .
The Zsigmondy set of S is defined by Z q (S) = {m ∈ A | a m has no Zsigmondy primes} .
Note that we also include q as a subscript in the notation of the Zsigmondy set of S to indicate that the set Z q (S) might depend on q for some sequence S. We now recast Theorem 1.1 in terms of divisibility sequences and Zsigmondy sets as follows.
Theorem 1.4. Assume that q > 2. Let u be a monic polynomial in A, and let S C = (C m (u)) m∈A be the divisibility sequence in A as above. Then
where ℘ is an arbitrary monic prime of degree 1 in A} ,
To end this subsection, let us remark that although it seems possible that one could, with a little more effort, exploit the techniques in this paper to obtain a function field analogue of Zsigmondy's theorem in full generality, we decided not to further pursue in this direction for several reasons. First, Theorem 1.1, viewed as the function field analogue of Bang-Zsigmondy's theorem, is sufficient for our purpose to prove a function field analogue of Feit's theorem. Second, we want to prove function field analogues of Bang-Zsigmondy's theorem and Feit's theorem in a unified manner, and third, we want to keep the exposition as simple as possible.
1.2.
A Carlitz module analogue of Feit's theorem. Before stating a Carlitz module analogue of Feit's theorem-our most important result in this paper, let us recall a function field analogue of Fermat's little theorem, which is a direct consequence of [13, Proposition 2.4]. Lemma 1.5. Let u be a nonzero polynomial in A, and let ℘ be a monic prime in A. Then
Now let ℘ be a Zsigmondy prime for (u, m), where u, m are monic polynomials in A. Then the Carlitz annihilator of (u, ℘) is m, i.e., m is the unique monic polynomial of least positive degree such that C m (u) ≡ 0 (mod ℘). Hence it follows from Lemma 1.5 that m divides ℘ − 1, which implies that deg(℘) = deg(℘−1) ≥ deg(m). The last inequality and the notion of large Zsigmondy primes introduced in Feit [9] motivate a notion of a function field analogue of large Zsigmondy primes as follows:
. Classifying all pairs (u, m) such that there does not exist a large Zsigmondy prime for (u, m) can be viewed as a function field analogue of Feit's theorem. We are now in a position to state our most important result in this paper, a function field analogue of Feit's theorem. Theorem 1.6 (See Theorem 6.16). Assume that q > 2. Let m, u be monic polynomials in A such that at least one of them is of positive degree. Then there exists a large Zsigmondy prime for (u, m) except in some exceptional cases that can be explicitly determined. (Theorem 6.16 explicitly lists all triples (q, u, m) in the exceptional cases.)
We will prove Theorem 1.6 in Section 6. It is obvious that Theorem 1.1 follows immediately from Theorem 1.6.
The strategy of the proof of Theorem 1.6 is as follows. Under the assumption that there exists a Zsigmondy prime for a pair (u, m), but there are no large Zsigmondy primes for (u, m), we deduce (see Corollary 6.3) that the following are true:
(i) m + 1 is the only Zsigmondy prime for (u, m); (ii) either Ψ m (u) = ǫ(m + 1) or Ψ m (u) = ǫq(m + 1) for some unit ǫ ∈ F × q and some monic prime q dividing m. The next step is to show that deg(Ψ m (u)) is sufficiently large so that at least one of (i) and (ii) above cannot be satisfied except in some exceptional cases that can be explicitly determined. This implies that there exists a large Zsigmondy prime for (u, m) except in some exceptional cases, and hence Theorem 1.6 follows. In many cases in the proof of Theorem 1.6, we need a sharper lower bound for deg(Ψ m (u)) to get a contradiction to (ii) above. We achieve this goal by deriving a sharper lower bound for Φ(m) when m = ℘ s for some monic prime ℘ and s ≥ 2, or m is a monic prime of degree ≥ 2. Here Φ(·) is a function field analogue of the classical Euler φ-function whose definition will be reviewed in the next subsection.
1.3. Notation. Every nonzero element m ∈ A is of the form
where the α i are elements in F q and α n = 0. When m is of the form as above, we say that the degree of m is n. In notation, we write deg(m) = n. We use the standard convention that deg(0) = −∞. With this convention, one obtains the degree function deg : A → Z ∪ {−∞} in an obvious way. With m of the above form, we say that the leading coefficient of m is α n . For a polynomial m ∈ A of positive degree, we define Φ(m) to be the number of nonzero polynomials of degree less than deg(m) and relatively prime to m. The function Φ(·) is a function field analogue of the classical Euler φ-function.
Let
be the prime factorization of m, where α ∈ F × q , the ℘ i are monic primes in A, and the s i are positive integers. It is well-known (see [15, Proposition 1.7] ) that
In particular, this implies that when m = ℘ s for some monic prime ℘ and some positive integer s, then
Cyclotomic polynomials over function fields
In this section, we study cyclotomic polynomials over function fields. Using well-known basic properties of cyclotomic polynomials in function fields, we derive many results about cyclotomic polynomials in function fields that will be used in subsequent sections to study Carlitz module analogues of Zsigmondy primes and large Zsigmondy primes. We begin by recalling the definition of cyclotomic polynomials in function fields, and some well-known results of cyclotomic polynomials in function fields whose proofs can be found, for example, in [2] or [18] .
Fix an algebraic closurek of k, and let m be a polynomial of positive degree. Set Λ m := {λ ∈ k | C m (λ) = 0}. We define a primitive m-th root of C to be a root of the polynomial C m (x) ∈ A[x] that generates the A-module Λ m . We fix a primitive m-th root of C, and denote it by λ m .
Recall that the m-th cyclotomic polynomial, denoted by Ψ m (x), is the minimal polynomial of λ m over k, i.e., Ψ m (x) ∈ k[x] is the monic irreducible polynomial of least degree such that Ψ m (λ m ) = 0. It is well-known that Ψ m (x) ∈ A[x]. When m = ℘ s for some monic prime ℘ and some positive integer s, we know from [13, Proposition 2.4 ] that
The next two results are well-known. Let m be a monic polynomial in A. Then
Let ℘ be a monic prime in A, and let m be a monic polynomial in A such that gcd(m, ℘) = 1. Let h be a positive integer. Then
Using Proposition 2.2, we prove the following result that will be useful in the proof of a Carlitz module analogue of Lüneburg's theorem. Lemma 2.3. Let m be a monic polynomial in A of positive degree, and let q be a monic prime in A such that q divides m.
Proof. We first prove Lemma 2.3 in the case when m = ℘ s for some monic prime ℘ and some positive integer s. In this case, we see that q = ℘, and thus Assume that Lemma 2.3 holds for any monic polynomial m of degree less than d. We prove that Lemma 2.3 is true for d. Indeed, take any monic polynomial m of degree d. If m has exactly one monic prime factor ℘, then m = ℘ s for some positive integer s, and we already prove that Lemma 2.3 is true in this case.
If m has at least two distinct prime factors, then there exists another monic prime ℘ with ℘ = q. Write m = n℘ s for some positive integer s, where n is a monic polynomial such that gcd(n, ℘) = 1. Since q divides m and q = ℘, we deduce that q divides n.
By the induction hypothesis, we know that Ψ n (x) divides C n (x)/C n/q (x), and thus there exists a polynomial
Substituting C ℘ s (x) for x in the above equation, we deduce that
Using equation (2) and applying Proposition 2.2 with n, ℘ s in the roles of m, ℘ s , respectively, we deduce that
, and thus
Thus Lemma 2.3 follows immediately.
The next two results, i.e., Propositions 2.4 and 2.5 are already well-known (see Bae [3, Lemma 4.6] ). The proofs of these two results presented below are different from Bae [3] , and use mainly the classical inequality of Bernoulli.
Proposition 2.4. Let m be an element in A, and let u be a polynomial in A of positive degree. Assume that the following condition is true: 
Using Bernoulli's inequality and similar arguments as above, one sees that
Therefore by (3), (4), we deduce that
Proposition 2.5. Let m be an element in A, and let u be a unit in F 
Thus Proposition 2.5 follows immediately.
The following elementary result will be used at many times in proofs of some subsequent results.
Corollary 2.6. Let m be a nonzero polynomial in A, and let u be a polynomial in A. Assume that the following is true: In the number field context, Roitman [16] obtained several lower bounds for the value of Ψ m (u), where Ψ m (x) ∈ Z[x] is the classical m-th cyclotomic polynomial and u is a positive integer. These lower bounds play a significant role in the proofs of the classical Bang-Zsigmondy theorem and the classical Feit theorem that are given in Roitman [16] . In the function field context, in order to measure how large a polynomial in A is, one can use the degree function deg : A → Z ∪ {−∞} in place of the usual absolute value | · | of R. The aim of the next two lemmas is to compute the value of deg(Ψ m (u)), where
is the m-th cyclotomic polynomial over function fields, and m, u are polynomials in A. In contrast to the classical case, we can obtain an exact formula for deg(Ψ m (u)). The next two lemmas will be crucial in the proofs of our main results.
We first prove an exact formula for deg(Ψ m (u)) in the case when u is of positive degree. Proof. Let us first consider the case when m = P s for some monic prime P ∈ A and some positive integer s. By Corollary 2.6, we see that C P s−1 (u) = 0, and it thus follows from (1) that
Applying Proposition 2.4 with P s−1 , u in the roles of m, u, respectively, we see that
Using Proposition 2.4 with P s , u in the roles of m, u, respectively, we deduce that
which proves Lemma 2.7 for m = P s . Now let m be a monic polynomial in A of positive degree. We can write m in the form m = n℘ h for some positive integer h, where n is a monic polynomial and ℘ is a monic polynomial such that gcd(m, ℘) = 1. If n = 1, then m = ℘ s , and we already show that Lemma 2.7 holds in this case. If n is of positive degree, then by the induction hypothesis, we know that Lemma 2.7 is true for n, that is, for any polynomial v of positive degree, we have
Using this fact and Proposition 2.4, and noting that deg(
Therefore it follows from Proposition 2.2 that
which proves our contention.
We now prove a formula for deg(Ψ m (u)), where u is a unit in F × q .
Lemma 2.8. Let m be a monic polynomial in A of positive degree, and let u be a unit in Proof. We see that either m is square-free or there exists a monic prime ℘ such that ℘ 2 divides m. We consider the cases:
⋆ Case 1. m is square-free.
Since m is square-free, one can write m in the form
where the ℘ i are distinct monic primes and h is a positive integer. By induction on h, we prove that if m is of the form (6), then Lemma 2.8 holds for m.
Assume that h = 1. Then m = ℘ for some monic prime ℘. We know from (1) that
We know from Proposition 2.5 that
and thus
which proves Lemma 2.8 for h = 1. Assume that Lemma 2.8 is true for h − 1 with h ≥ 2. We now prove that Lemma 2.8 is true for h. Indeed, take any polynomial m ∈ A of the form
where the ℘ i are distinct monic primes. Set
One sees that deg(n) ≥ 1, and m = ℘ 1 n.
By Proposition 2.5, we know that
and it thus follows from Lemma 2.7 that
By the induction hypothesis, we know that
In particular, this implies that Ψ n (u) = 0.
Applying Proposition 2.2 with 1, ℘ 1 , n in the roles of h, ℘, m, respectively, and noting that Ψ n (u) = 0, we deduce that
Thus we deduce from (7) and (8) that
which proves that Lemma 2.8 holds for any monic polynomial m of the form m = ℘ 1 ℘ 2 · · · ℘ h , where h is a positive integer, and the ℘ i are distinct monic primes. ⋆ Case 2. m is a monic polynomial such that ℘ 2 divides m for some monic prime ℘. Write
where s is an integer such that s ≥ 2, ℘ is a monic prime, and n is a monic polynomial such that gcd(n, ℘) = 1. By Proposition 2.5, and since s ≥ 2, we see that
In particular, the last equality implies that C ℘ s−1 (u) = 0.
We first consider the case when n = 1. In this case, we see that m = ℘ s . From (1), and noting that
Therefore Lemma 2.8 is true when n = 1. Suppose now that n is of positive degree. Applying Proposition 2.2 with s, ℘, n in the roles of h, ℘, m, respectively, we deduce that
Since n is of positive degree, it follows from (10), (11) , and Lemma 2.7 that
Therefore we deduce from (12) that
which proves that Lemma 2.8 is true when n is of positive degree. From Cases 1 and 2, our contention follows.
A Carlitz module analogue of Zsigmondy primes
In this section, we introduce a Carlitz module analogue of Zsigmondy primes for a pair of monic polynomials. We then prove a function field analogue of Lüneburg's theorem which is crucial in the proofs of our main results. We begin by proving a result that motivates a notion of the Carlitz annihilators of a pair consisting of a polynomial and a monic prime. This notion plays a key role in the study of Zsigmondy primes for the Carlitz module. In comparison, the notion of Carlitz annihilators is a function field analogue of that of the multiplicative order of an integer modulo a prime in the number field context. Proof. By Lemma 1.5, we know there exists a monic polynomial of positive degree, say a satisfying (CA1), that is, C a (u) ≡ 0 (mod ℘); for example, one can take a = ℘ − 1. Take a monic polynomial of least positive degree satisfying (CA1), say q. Such a monic polynomial exists since for a given positive integer h, there are finitely many monic polynomials in A of degree h. We prove that q is the unique monic polynomial satisfying (CA1) and (CA2). By the choice of q, we know that q satisfies (CA1).
We now prove that q satisfies (CA2). Indeed take any nonzero polynomial m such that C m (u) ≡ 0 (mod ℘). We know that there exist polynomials n, r ∈ A such that m = nq + r (13) and r is either 0 or 0 ≤ deg(r) < deg(q). We see that
By [15, Proposition 12.11] , one can write C n (x) ∈ A[x] in the form
where the [n, i] are elements in A. Since C q (u) ≡ 0 (mod ℘), we deduce from the above equation that C n (C q (u)) ≡ 0 (mod ℘). Therefore it follows from (14) that
Since q is the monic polynomial of least positive degree satisfying (CA1), we deduce from (15) that deg(r) = 0 or r = 0. If deg(r) = 0, then r is a unit in F × q . We deduce from (15) 
and thus ℘ divides u, which is a contradiction. Therefore r = 0, and hence by (13) we deduce that m = nq. Thus q divides m.
Conversely suppose that q divides m. Then there exists a nonzero polynomial, say n, such that m = nq. By [15, Proposition 12.11] , one can write
where the [n, i] are elements in A. Since C q (u) ≡ 0 (mod ℘), we deduce that
Thus q satisfies (CA2). Finally we prove that q is unique. Indeed, assume there exists a monic polynomial of positive degree P satisfying (CA1) and (CA2). By (CA2), we know that q divides P , and P divides q. Since q, P are monic, we deduce that q = P , which proves our contention.
In [8] , I introduced the notion of the Carlitz annihilator of a monic prime to study congruences of primes dividing a Mersenne number in the function field setting. The following definition is a generalization of the notion of the Carlitz annihilator of a monic prime to a couple (u, ℘), where u is a nonzero polynomial and ℘ is a monic polynomial. Definition 3.2. Let u be a nonzero polynomial in A, and let ℘ be a monic prime in A. Let P u,℘ be the unique monic polynomial satisfying (CA1) and (CA2) in Proposition 3.1 if ℘ does not divide u, and let P u,℘ = 1 if ℘ divides u. The monic polynomial P u,℘ is called the Carlitz annihilator of (u, ℘).
For the rest of this paper, we always denote by P u,℘ the Carlitz annihilator of a couple (u, ℘). The following result is immediate from Lemma 1.5, Proposition 3.1, and Definition 3.2.
Proposition 3.3. Let u be a nonzero polynomial in A, and let ℘ be a monic prime in A. Let P u,℘ be the Carlitz annihilator of (u, ℘). Then
Proof. Only part (iv) needs a proof. If P u,℘ = 1, then part (iii) is trivial. Assume that P u,℘ is of positive degree, and take any nonzero polynomial n ∈ A with deg(n) < deg(P u,℘ ). If C n (u) ≡ 0 (mod ℘), then we see from Proposition 3.1 that P u,℘ divides n. This implies that deg(P u,℘ ) ≤ deg(n), which is a contradiction. Hence C n (u) ≡ 0 (mod ℘), and therefore our contention follows immediately.
The analogy between the multiplicative group G m and the Carlitz module C that is explained in Section 1 (see Table 1 ) motivates the following notion. 
If a monic prime ℘ is not a Zsigmondy prime for (u, m), we say that ℘ is a non-Zsigmondy prime for (u, m).
Remark 3.5.
(i) Write m = ǫm 0 , where ǫ ∈ F × q is the leading coefficient of m and m 0 is a monic polynomial in A. By Proposition 3.3(iv), one sees that Definition 3.4 is equivalent to the following notion: A monic prime ℘ is a Zsigmondy prime for a pair (u, m) if the Carlitz annihilator of (u, ℘) is exactly m 0 . In particular, when m is monic, this means that the Carlitz annihilator of (u, ℘) is exactly m.
(ii) For any nonzero polynomials m, u ∈ A, write m = ǫm 0 and u = δu 0 , where ǫ, δ ∈ F × q , and m 0 , u 0 are monic polynomials. We see that C m (u) = ǫδC m0 (u 0 ), and C n (u) = δC n (u 0 ) for any polynomial n ∈ A. Thus we deduce that a prime ℘ is a Zsigmondy prime for (u, m) if and only if it is a Zsigmondy prime for (u 0 , m 0 ). By Remark 3.5, it suffices to study Zsigmondy primes for pairs (u, m), where m, u are monic polynomials such that at least one of them is of positive degree. Throughout this paper, in order to rule out the trivial cases, whenever we study Zsigmondy primes for a pair (u, m), we will always assume that m, u are monic polynomials such that at least one of them is of positive degree.
Remark 3.6.
(i) If ℘ is a Zsigmondy prime for (u, m), then we know from Proposition 2.1 that ℘ divides C m (u) = n|m n monic Ψ n (u). If ℘ divides Ψ n (u) for some monic polynomial n dividing m with n = m, then we deduce from Proposition 2.1 that
Since n = m, n divides m, and both of n, m are monic, we deduce that deg(n) < deg(m). Thus the above congruence implies that ℘ is not a Zsigmondy prime for (u, m), which is a contradiction. Hence gcd(℘, Ψ n (u)) = 1 for any monic polynomial n dividing m with n = m. Therefore ℘ divides Ψ m (u).
(ii) The above remark also implies that if ℘ does not divide Ψ m (u), then ℘ is a non-Zsigmondy prime for (u, m). Hence in order to show whether a monic prime ℘ is a Zsigmondy prime for (u, m), it suffices to consider the case when ℘ divides Ψ m (u). The next result gives a simple criterion for testing whether a monic prime ℘ is a non-Zsigmondy prime for a given pair (u, m). This is a function field analogue of Lüneburg's theorem (see Lüneburg [14, Satz 1] or Roitman [16, Proposition 2]) which we will need in the proof of our first main result, the function field analogue of Bang-Zsigmondy's theorem.
Theorem 3.7. Let m, u be monic polynomials in A such that m is of positive degree. Let ℘ be a monic prime dividing Ψ m (u), and let P u,℘ be the Carlitz annihilator of (u, ℘). Assume that condition (D * ) in Corollary 2.6 is satisfied. Then Proof. Since ℘ divides Ψ m (u), it follows from Proposition 2.1 that ℘ divides C m (u). Thus we deduce from Proposition 3.3(iv) that P u,℘ divides m. We now prove part (i). We first show that the "only if" part of (i) is true. Indeed assume that ℘ is a non-Zsigmondy prime for (u, m). We know from Remark 3.5 that m = P u,℘ . Since both of P u,℘ , m are monic, and P u,℘ divides m, we deduce that deg(P u,℘ ) < deg(m).
Write
where r is a positive integer, and n is a monic element in A such that gcd(P u,℘ , n) = 1. Since deg(P u,℘ ) < deg(m), it follows that r ≥ 2 or deg(n) ≥ 1.
Let l be a monic prime of positive degree such that l divides m and P u,℘ divides m/l. Then we see from Proposition 3.3(iii) that
. By Corollary 2.6, one sees that C m/l (u) = 0, and it thus follows that Ψ m (u) divides C m (u)/C m/l (u). Since ℘ divides Ψ m (u), we deduce that
By [15, Proposition 12.11] , one can write
By (17), we deduce that
and therefore it follows from (18) that l ≡ 0 (mod ℘). Since l, ℘ are monic primes, we deduce that l = ℘. In summary, we have proved that if l is a monic prime of positive degree such that l divides m, and P u,℘ divides m/l, then l = ℘.
We now prove that r = 1 and n = ℘ s for some positive integer s in the equation (16) of m. Indeed if r ≥ 2, then letting l = P u,℘ , we see that
Thus repeating the same arguments as before, we deduce that P u,℘ = l = ℘, which is a contradiction since Proposition 3.3(i) tells us that P u,℘ divides ℘ − 1. Thus r = 1. Now take any monic prime l dividing n. In particular, this implies that l divides m. We know from
Thus using the same arguments as before, we deduce that l = ℘. Since n is a monic polynomial, we see that n = ℘ s for some positive integer s. Therefore
In particular, this implies that ℘ divides m, which establishes the "only if" part of (i).
We now prove the "if" part of (i). Assume that ℘ divides m. Assume the contrary, i.e., ℘ is a Zsigmondy prime for (u, m). By Remark 3.5(i), we know that m = P u,℘ . Since ℘ divides m, we deduce that
On the other hand, we know from Proposition 3.3(i) that P u,℘ divides ℘ − 1, and thus
Therefore deg(P u,℘ ) = deg(℘) = deg(℘−1), and hence P u,℘ = ℘−1. This implies that m = P u,℘ = ℘−1, which is a contradiction since ℘ divides m. Thus ℘ is a non-Zsigmondy prime for (u, m), which proves the "if" part of (i).
We now prove part (ii). In the proof of the "only if" part of (i) above, we have showed that if ℘ is a non-Zsigmondy prime for (u, m), then m is of the form (19) , and thus the first part of (ii) follows immediately.
For the last part of (ii), using [15, Proposition 12.11] , one can write
By the first part of (ii) and (19), we know that P u,℘ divides the polynomial m/℘, and it thus follows from Proposition 3.3(iii) that
. By Corollary 2.6, one knows that C m/℘ (u) = 0, and therefore we deduce from (20) that
which is a contradiction. Therefore ℘ 2 does not divide Ψ m (u). If q > 2, then we see that q i − 1 ≥ 2 for every 1 ≤ i ≤ d, and thus (C m/℘ (u))
Repeating in the same arguments as above, we deduce that
and thus ℘ 2 does not divide Ψ m (u). Therefore the last part of (ii) follows.
When q > 2, we see that condition (D * ) in Corollary 2.6 is trivially satisfied. For the rest of this paper, we will always assume that q > 2, and thus it is worth restating Theorem 3.7 with the assumption q > 2 in place of (D * ).
Corollary 3.8. Assume that q > 2. Let m, u be monic polynomials in A such that m is of positive degree. Let ℘ be a monic prime dividing Ψ m (u), and let P u,℘ be the Carlitz annihilator of (u, ℘). Then (i) ℘ is a non-Zsigmondy prime for (u, m) if and only if ℘ divides m.
(ii) if ℘ is a non-Zsigmondy prime for (u, m), then m = P u,℘ ℘ s for some positive integer s. Furthermore ℘ 2 does not divide Ψ m (u).
In this section, we prove a function field analogue of Bang-Zsigmondy's theorem in the case when p = 2 (see Theorem 4.4 below). The strategy of the proof of Theorem 4.4 is as follows. We first assume that there are no Zsigmondy primes for (u, m). Using Corollary 3.8, we show that Ψ m (u) is a prime in A, and in fact it divides m. In comparing the degree of Ψ m (u) with that of m, we reach a contradiction except for some exceptional cases that will be explicitly determined.
We begin by proving an elementary but very useful result that will play a key role in the proofs of Theorem 4.4 and Theorem 5.2. Proof. Since Φ(m) = Φ(ǫm) for any unit ǫ ∈ F × q , we can, without loss of generality, assume throughout the proof that m is a monic polynomial.
We first prove a special case of Lemma 4.1 when m = P s , where P is a monic prime and s is a positive integer. Indeed, set d = deg(P ) ≥ 1. If s = 1, using Bernoulli's inequality (see [12, Theorem 42]), we deduce that
If s > 1, then we see from Bernoulli's inequality that
Since q > 2 and d ≥ 1, we deduce that
Therefore Lemma 4.1 holds for m = P s , where P is a monic prime and s is a positive integer. Let m be any monic polynomial, and let r = deg(m) ≥ 1. We now prove Lemma 4.1 by induction on r.
If r = deg(m) = 1, then m is a monic prime of degree 1, and we have already proved that Lemma 4.1 is true in this case. Now take any integer r ≥ 2, and assume that Lemma 4.1 is true for any monic polynomial of degree less than r. We prove that Lemma 4.1 holds for any monic polynomial of degree r. Indeed take an arbitrary monic polynomial m of degree r. Since r = deg(m) ≥ 2, there exists a monic prime P dividing m.
Write m = nP s for some positive integer s, where n is a monic polynomial such that gcd(n, P ) = 1. If deg(n) = 0, we see that n = 1. Hence m = P s , and we have already showed that Lemma 4.1 is true in this case. If deg(n) ≥ 1, we see that 1 ≤ deg(n) < deg(m) = r. By the induction hypothesis, and since q > 2, we deduce that
Since Lemma 4.1 holds for the polynomial P s , we deduce from the above inequality that
Since Lemma 4.1 holds for P s , we deduce that
Thus we deduce from (21) that
which proves our contention. In either case, we deduce from Lemmas 2.7 that of (u, ℘) .
We now prove that ℘ is the only monic prime factor of Ψ m (u). Indeed, assume the contrary, that is, there exists a monic prime P dividing Ψ m (u) such that P = ℘. By assumption, we know that P is a non-Zsigmondy prime for (u, m). Hence we know from Corollary 3.8(i) that P divides m. Since gcd(P, ℘) = 1 and m = P u,℘ ℘ s , we see that P divides P u,℘ . Therefore by Proposition 3.3(i), we deduce that
In particular, this implies that deg(P )
Exchanging the roles of ℘ and P and using the same arguments as above, we deduce that
Furthermore this implies that deg(℘) ≤ deg(P − 1) = deg(P ), and it thus follows that deg(P ) = deg(℘). Since P, ℘ are monic, we deduce from (22) and (23) that P = ℘ − 1 and P − 1 = ℘, respectively. Hence P = ℘ − 1 = P − 2, and thus 2 = 0, which is a contradiction since p = 2. This contradiction establishes that ℘ is the only monic prime factor of Ψ m (u), and thus Ψ m (u) = ǫ℘ e for some unit ǫ ∈ F × q and some positive integer e. By Corollary 3.8(ii), we deduce that ℘ 2 does not divide Ψ m (u), and therefore e = 1. Thus Corollary 4.3 follows immediately.
The following result is a Carlitz module analogue of Bang-Zsigmondy's theorem in characteristic p = 2. An analogue of Bang-Zsigmondy's theorem in characteristic two will be proved in Section 5. Proof. Since p = 2, we see that q > 2. If deg(m) = 0, we deduce that m = 1. Hence it is easy to see that ℘ is a Zsigmondy prime for (u, m) for each monic prime ℘ dividing u.
Suppose now that deg(m) > 0. Assume the contrary, that is, there exist no Zsigmondy primes for (u, m). It then follows from Corollary 4.3 that Ψ m (u) = ǫ℘ for some unit ǫ ∈ F × q and some monic prime ℘.
Since u is of positive degree, we know from Lemma 2. There are no Zsigmondy primes for (1, m) since ℘ 1 = C T (1) and (1, m) , where m = (℘ − 1)℘ for some monic prime ℘ of degree 1 in
Since ℘ is a non-Zsigmondy prime for (u, m), we deduce from Proof. Assume first that q = 3, and m = (℘ − 1)℘, where ℘ is an arbitrary monic prime of degree 1 in 1, m) .
Suppose now that we are not in the exceptional case (EC1) in Lemma 4.6, that is, either q = 3 and m = (℘ − 1)℘ for any monic prime ℘ of degree 1 in
Assume the contrary, that is, there exist no Zsigmondy primes for (1, m). It then follows from Corollary 4.3 that
for some unit ǫ ∈ F × q and some monic prime ℘. Since ℘ is a non-Zsigmondy prime for (1, m), we know from Corollary 3.8(ii) that
where P 1,℘ is the Carlitz annihilator of (1, ℘), and s is a positive integer. Note that by Proposition 3.3(ii), we know that P 1,℘ is of positive degree.
By Lemma 2.8, we see that
where δ is an integer in {0, ±1}. Recall from Proposition 3.3(i) that P 1,℘ divides ℘ − 1, and thus gcd(P 1,℘ , ℘) = 1. Since p = 2, we know that q > 2, and it thus follows from Lemma 4.1 that
Since deg(P 1,℘ ) ≥ 1 and s ≥ 1, it follows from the above inequalities that
Note that if equality in (27) occurs, then deg(P 1,℘ ) = s = 1.
Since δ ≥ −1, we deduce from (26) and (27) that
From (27) and the remark following (27), we see that if equality in (28) occurs, then deg(P 1,℘ ) = s = 1.
By (24), (28), we deduce that
Note that equality in (30) occurs if and only if equality in (29) occurs.
On the other hand, since q > 2, we see that
with equality if and only if q = 3. Since deg(℘) ≥ 1, we deduce from (30) that
and therefore If m is of positive degree and deg(u) = 0, we see that u = 1. By Lemma 4.6, we know that there exists a Zsigmondy primes for (1, m) = (u, m) except in the exceptional case (EC1). Therefore Theorem 4.4 follows.
Bang-Zsigmondy's theorem in characteristic two
In this section, we will prove an analogue of Bang-Zsigmondy's theorem in characteristic two. Throughout this section, we assume that p = 2 and q > 2. We first prove a basic result that describes the prime factorizations of polynomials Ψ m (u), where m, u are monic polynomials such that there exist no Zsigmondy primes for (u, m). Proof. By Lemma 4.2, we know that Ψ m (u) is of positive degree. Hence there exists a monic prime ℘ dividing Ψ m (u). Since ℘ is a non-Zsigmondy prime for (u, m), applying Corollary 3.8(ii), we deduce that
for some positive integer s, where P u,℘ is the Carlitz annihilator of (u, ℘).
If ℘ is the only prime factor of Ψ m (u), then we see that Ψ m (u) = ǫ℘ e for some unit ǫ ∈ F × q and some positive integer e. Since q > 2, we deduce from Corollary 3.8(ii) that ℘ 2 does not divide Ψ m (u), and therefore e = 1. Thus Ψ m (u) = ǫ℘.
If Ψ m (u) has at least two distinct prime factors, let P be an arbitrary monic prime dividing Ψ m (u) such that P = ℘. We contend that P = ℘ − 1. Indeed, by assumption, we know that P is a nonZsigmondy prime for (u, m). Hence Corollary 3.8(i) tells us that P divides m. Since gcd(P, ℘) = 1, we deduce from (32) that P divides P u,℘ . Therefore by Proposition 3.3(i), we deduce that
Furthermore this implies that deg(℘) ≤ deg(P − 1) = deg(P ), and it thus follows that deg(P ) = deg(℘).
Since P, ℘ are monic, we deduce from (33) that P = ℘ − 1.
Thus we have proved that if P is an arbitrary monic prime dividing Ψ m (u) such that P = ℘, then P = ℘ − 1. In particular, this implies that ℘ − 1 is prime, and ℘, ℘ − 1 are the only monic prime factors of Ψ m (u). Therefore Ψ m (u) is of the form
r ℘ e for some positive integers r, e and some ǫ ∈ F × q . Corollary 3.8(ii) tells us that ℘ 2 does not divide Ψ m (u), and therefore e = 1. Similarly since ℘ − 1 is a non-Zsigmondy prime for (u, m), Corollary 3.8(ii) implies that (℘ − 1) 2 does not divide Ψ m (u), and thus r = 1. Hence
We now state an analogue of Bang-Zsigmondy's theorem in characteristic two. We will prove Theorem 5.2 at the end of this section. We first show that if u is of positive degree, then Theorem 5.2 is true. Proof. If deg(m) = 0, we deduce that m = 1. Hence it is easy to see that ℘ is a Zsigmondy prime for (u, m) for each monic prime ℘ dividing u.
We now consider the case when deg(m) > 0. Assume the contrary, that is, there exist no Zsigmondy primes for (u, m). Then by Lemma 5.1, we know that either of the following is true:
(i) Ψ m (u) = ǫ℘ for some unit ǫ ∈ F × q and some monic prime ℘; (ii) Ψ m (u) = ǫ(℘ − 1)℘ for some unit ǫ ∈ F × q , where ℘ is a monic prime such that ℘ − 1 is also a prime.
If Ψ m (u) = ǫ℘ for some unit ǫ ∈ F × q and some monic prime ℘, repeating the same arguments as in the proof of Lemma 4.5, we deduce that there exists a Zsigmondy prime for (u, m).
Suppose now that Ψ m (u) = ǫ(℘ − 1)℘ for some unit ǫ ∈ F × q , where ℘ is a monic prime such that ℘ − 1 is also a prime. Since ℘ divides Ψ m (u) and ℘ is a non-Zsigmondy prime for (u, m), we deduce from Corollary 3.8(ii) that
where P u,℘ is the Carlitz annihilator of (u, ℘) and s is a positive integer. By Proposition 3.3(i), we know that P u,℘ divides ℘ − 1.
Since ℘ − 1 is a monic prime and divides m, we deduce from Corollary 3.8(ii) that
where P u,℘−1 is the Carlitz annihilator of (u, ℘ − 1) and r is a positive integer. Since (℘ − 1) − 1 = ℘, we deduce from Proposition 3.3(i) that P u,℘−1 divides ℘.
From (35), (36), we get
By Proposition 3.3(i), we know that P u,℘ divides ℘ − 1. In particular this implies that deg(P u,℘ ) ≤ deg(℘ − 1) = deg(℘). From (37) and since gcd((℘ − 1) r , ℘ s ) = 1, we deduce that (℘ − 1) r divides P u,℘ . Hence
which in turn implies that
Since P u,℘ , ℘ − 1 are monic, we deduce that (℘ − 1) r = P u,℘ , and it thus follows from the above identities that r = 1 and P u,℘ = ℘ − 1. Exchanging the roles of ℘ and ℘ − 1, one can show that s = 1 and P u,℘−1 = (℘ − 1) − 1 = ℘, and thus
By Lemma 2.7, we deduce that
By Lemma 4.1 and the above equation, we deduce that
which is a contradiction. Thus there exists a Zsigmondy prime for (u, m).
We now consider Theorem 5.2 in the case when m is of positive degree and deg(u) = 0. Proof. Assume that we are in the exceptional case (EC2), that is, q = 2 2 and m = (℘ − 1)℘ for a monic prime ℘ of degree 1 in F 2 2 [T ]. We see that F 2 2 = F 2 (ω), where ω is an element in the algebraic closure of F 2 such that ω 2 + ω + 1 = 0. We know that {T, T + 1, T + ω, T + ω 2 } consists of all monic primes of degree 1 in There are no Zsigmondy primes for (1, m) since ℘ 1 = C T −1 (1) and ℘ 2 = C T (1).
, where ℘ 1 = T and ℘ 2 = T + 1.
There are no Zsigmondy primes for (1, m) since ℘ 1 = C T −1 (1) and ℘ 2 = C T (1).
, where ℘ 1 = T +ω and ℘ 2 = T + ω 2 .
There are no Zsigmondy primes for (1, m) since ℘ 1 = C T +ω−1 (1) and
There are no Zsigmondy primes for (1, m) since ℘ 1 = C T +ω−1 (1) and (ii) Ψ m (1) = ǫ(℘ − 1)℘ for some unit ǫ ∈ F × q , where ℘ is a monic prime such that ℘ − 1 is also a prime. Repeating the same arguments as in the proof of Lemma 4.6, we deduce that there exists a Zsigmondy prime for (1, m) if Ψ m (1) = ǫ℘ for some unit ǫ ∈ F 
Since δ ≥ −1 and deg(℘) ≥ 1, we get
and therefore
Since p = 2, q > 2, and q is a power of 2, we deduce that q ≥ 4. Thus 6. An analogue of large Zsigmondy primes, and Feit's theorem in positive characteristic
In this section, we introduce a notion of large Zsigmondy primes in the function field context, and prove a function field analogue of Feit's theorem (see Theorem 6.16) which assures the existence of a large Zsigmondy prime for a pair (u, m) of monic polynomials except some exceptional cases. The strategy of the proof of Theorem 6.16 is similar to that of Theorem 4.4. More precisely, take a pair (u, m) of monic polynomials such that at least one of them is of positive degree. If we assume that there are no large Zsigmondy primes for (u, m), we show that the prime factorization of Ψ m (u) is of very special form, and that m + 1 is the only Zsigmondy prime for (u, m). In comparing the degree of Ψ m (u) with the degrees of the prime factors of Ψ m (u), one reaches a contradiction except some exceptional cases that will be explicitly determined. The contradiction in turn implies that there exists a large Zsigmondy prime for (u, m), which is exactly a function field analogue of Feit's theorem.
We begin by recalling the notion of large Zsigmondy primes that was already mentioned in the introduction. Proof. We contend that m is of positive degree. Indeed, assume the contrary, i.e., deg(m) = 0, and hence m = 1. By assumption, we deduce that deg(u) ≥ 1. It is not difficult to show that any monic prime ℘ dividing u is a large Zsigmondy prime for (u, m), which is a contradiction. Thus deg(m) ≥ 1.
Let q be any Zsigmondy prime for (u, m). By Corollary 3.8(i), we see that q does not divide m. Since q is not a large Zsigmondy prime for (u, m), we know from Remark 6.2 that deg(q) = deg(m). Since q is a Zsigmondy prime for (u, m), we see from Remark 3.5(i) that m = P u,q . Hence it follows from Suppose now that deg(Q) ≥ 1. Then there is a monic prime q of positive degree such that q divides Q. By part (i) and since gcd(q, m + 1) = 1, we know that q is a non-Zsigmondy prime for (u, m), and it thus follows from Corollary 3.8(ii) that m can be written in the form
for some positive integer s, where P u,q is the Carlitz annihilator of (u, q).
By Proposition 3.3(i), we know that P u,q divides q − 1. In particular, this implies that deg(P u,q ) ≤ deg(q − 1) = deg(q).
We now prove that Q = q. Assume the contrary, that is, Q = q. By Corollary 3.8(ii), q 2 does not divide Ψ m (u), and thus Q/q is not divisible by q. Since q, Q are monic, we see that Q/q is a monic polynomial in A. Since Q/q = 1, we deduce that deg(Q/q) > 0, and thus there is a monic prime, say ℘, dividing Q/q. Since gcd(q, Q/q) = 1, we deduce that gcd(℘, q) = 1.
We will prove that ℘ = q − 1 and p = 2 (recall that p is the characteristic of F q ). Indeed since ℘ divides Q/q, we deduce that gcd(℘, m + 1) = 1, and thus part (i) tells us that ℘ is a non-Zsigmondy prime for (u, m). Following the same arguments as above, we see that m = P u,℘ ℘ r for some positive integer r, where P u,℘ is the Carlitz annihilator of (u, ℘). Thus
By Proposition 3.3(i), P u,℘ divides ℘−1, and thus deg(P u,℘ ) ≤ deg(℘−1) = deg(℘). Since gcd(℘, q) = 1, we deduce that ℘ r divides P u,q , which in turn implies that ℘ r divides q − 1, and hence rdeg(℘)
Hence r = s = 1, and deg(q) = deg(℘). Since ℘, q are monic, we deduce that
and
Therefore q = ℘ − 1 = q − 2, and hence −2 = 0, which implies that p = 2, where recall p is the characteristic of F q .
Furthermore, since ℘ divides P u,q , and P u,q divides q − 1, we deduce from (42) that
In summary, we have shown that if ℘ is any monic prime dividing Q/q, then ℘ = q − 1. In particular, this implies that q − 1 is a prime. Hence Q/q is of the form
for some positive integer s 1 . Since gcd(Q, m + 1) = 1, we deduce from part (i) that q − 1 is a nonZsigmondy prime for (u, m), and Corollary 3.8(ii) tells us that s 1 = 1. Hence Q = q(q − 1), and It therefore follows from (40) and (44) 
Since δ ≥ −1, we deduce from (46) and (47) that
Note that q ≥ 4 since q is a power of 2 and q > 2. If deg(q) ≥ 2, then we see that
which is a contradiction to (48). We now consider the case when deg(q) = 1. Since q is a power of 2 and q > 2, either q ≥ 8 or q = 4. If q = 4, then we see from (44) that m = q(q − 1), where q is a monic prime of degree 1 in F 2 2 [T ]. Since u = 1, Theorem 5.2 tells us that there exist no Zsigmondy primes for (u, m) in F 2 2 [T ], which is a contradiction. This contradiction establishes that q ≥ 8.
Now we see that
which is a contradiction to (48). ⋆ Case 2. deg(u) > 0. By Lemma 2.7, (44), and (45), we deduce that
and it thus follows from Lemma 4.1 that
which is a contradiction since q ≥ 4 and deg(m) ≥ 1. By Cases 1 and 2, we conclude that Q = q, and it thus follows from (40) that Ψ m (u) = ǫq(m + 1). Therefore part (ii) follows.
We now prove several lemmas (see Lemmas 6.4, 6.5, 6.6, 6.7, 6.8, 6.9, 6.10, and 6.11) that we need in the proof of Theorem 6.16. These lemmas rule out the exceptional cases in Theorem 6.16 that naturally appear in the proof of Theorem 6.16. The proofs of the lemmas are purely computational, and the reader can skip them for a first reading. for (1, m) . Then
Proof. We prove Lemma 6.4 by computation. Let Y 3 be the set of all monic polynomials m ∈ F 3 [T ] satisfying the following two conditions: (I) m = (℘ − 1)℘ s for some monic prime ℘ of degree one in F 3 [T ] and some integer 2 ≤ s ≤ 7; and (II) m + 1 is a prime in F 3 [T ] . We see that X 3 ⊂ Y 3 . We know that {T, T + 1, T + 2} is the set of all monic primes of degree one in In order to find all elements of X 3 , we only need to find all polynomials m ∈ Y 3 such that there are no large Zsigmondy primes for (1, m). Indeed, for any m ∈ Y 3 , we know that m = (℘ − 1)℘ s for some integer 2 ≤ s ≤ 7 and some monic prime ℘ of degree one in We see that
, where
We prove that ℘ 8 is a large Zsigmondy prime for (1, m). Take any nonzero polynomial n ∈ ⋆ Case 4. m = T (T + 1) 4 . We see that
Using the same arguments as in Case 2, one can show that ℘ 8 is a large Zsigmondy prime for (1, m), and thus m ∈ X 3 . ⋆ Case 5. m = (T + 1)(T + 2) 2 .
We see that
, where ℘ 1 = T , ℘ 2 = T + 2, and ℘ 3 = T 2 + T + 2. Using the same arguments as in Case 1, we can prove that ℘ 1 , ℘ 3 , m + 1 are not large Zsigmondy primes for (1, m) . Furthermore C T +1 (1) = T + 2 ≡ 0 (mod ℘ 2 ), and thus ℘ 2 is not a Zsigmondy prime for (1, m) . Therefore ℘ 2 is not a large Zsigmondy prime for (1, m), and hence there are no large Zsigmondy primes for (1, m) . Thus m ∈ X 3 .
⋆ Case 6. m = (T + 1)(T + 2) 4 . We see that
Using the same arguments as in Case 2, one can show that ℘ 8 is a large Zsigmondy prime for (1, m), and thus m ∈ X 3 . By what we have showed in Cases 1-6, we see that 
, where ℘ 1 = T +1 and ℘ 2 = T +2, we see that m + 1 is not a prime.
, where ℘ 1 = T and ℘ 2 = T + 1, we see that m + 1 is not a prime.
, where ℘ 1 = T and ℘ 2 = T + 2, we see that m + 1 is not a prime. therefore m satisfies (ii) in Lemma 6.5. Therefore m ∈ X 4 , and hence
Lemma 6.6. Let q = 3. Let X 5 be the set of all monic polynomials m ∈ F 3 [T ] satisfying the following two conditions:
(i) there exists a monic prime q of degree 2 or 3 in F 3 [T ] such that the Carlitz annihilator P 1,q of (1, q) is of degree 2 and m = P 1,q q;
Proof. Let Y 5 be the set of all monic polynomials m ∈ F 3 [T ] satisfying condition (i) in Lemma 6.6. We will prove that if m ∈ Y 5 , then m + 1 is not a prime, and it thus follows immediately that X 5 = ∅.
Take an arbitrary monic polynomial m ∈ Y 5 . By condition (i) in Lemma 6.6, we see that there exists a monic prime q of degree either 2 or 3 in F 3 [T ] such that the Carlitz annihilator P 1,q of (1, q) is of degree 2 and
We consider the cases: ⋆ Case 1. deg(q) = 2. By parts (i), (ii) in Proposition 3.3, we know that P 1,q divides q − 1, and is of positive degree. Hence the degree of P 1,q is either 1 or 2. If deg(P 1,q ) = 1, then we see from Proposition 2.5 that
which is a contradiction since q divides C P1,q (1). Thus deg(P 1,q ) = 2, and since deg(q − 1) = 2 and P 1,q divides q − 1, we deduce that P 1,q = q − 1. Thus we see from (50) that
Note that the set of all monic primes of degree 2 in Table 5 , letting q range over the set of all monic primes in F 3 [T ] of degree 2, we find all the polynomials m ∈ F 3 [T ] of the form (50). Examining the table, one sees that m + 1 is not a prime.
⋆ Case 2. deg(q) = 3. Using the same arguments as in Case 1, we see that P 1,q is of degree 2 or 3. Since P 1,q divides q − 1, one needs to test whether there exists a monic polynomial of degree 2 dividing q − 1, say Γ, such that C Γ (1) ≡ 0 (mod q). If this is the case, then Proposition 3.3(iii) tells us that P 1,q = Γ; otherwise deg(P 1,q ) = deg(q − 1) = 3, and thus P 1,q = q − 1. In Table 6 , we use this argument to find the Carlitz annihilator P 1,q of (1, q), where q ranges over the set of all monic primes of degree 3 in
The prime factorization of q − 1 P 1,q
and q − 1 is a prime. Table 6 : The Carlitz annihilators P 1,q of (1, q), where q ranges over the set of all monic primes of degree 3 in
closely Table 6 , one can easily find all the monic primes q ∈ F 3 [T ] of degree 3 such that the Carlitz annihilator P 1,q of (1, q) is of degree 2. From Table 6 , we see that the only pairs (q, P 1,q ) for which m = P 1,satisfies (i) in Lemma 6.6 are the following:
We consider the subcases:
. We see that
Thus m + 1 is not a prime since
Thus m + 1 is not a prime since m + 1 = (T + 1)(T + 2)(T 3 + 2T + 1).
Thus m + 1 is not a prime since m + 1 = T (T + 2)(T 3 + 2T + 1).
In conclusion, we have showed in Cases 1 and 2 that if m ∈ Y 5 , then m + 1 is not a prime, i.e., m does not satisfy (ii) in Lemma 6.6. Therefore X 5 = ∅ as desired. . Then
Proof. Since every element m in X 6 satisfies (i) in Lemma 6.7, it is clear that X 6 is a subset of the set
Conversely take any element m = (T + α − 1)(T + α) for some α ∈ F 5 . Then m satisfies condition (i) in Lemma 6.7 with ℘ = T + α. It is not difficult to see that
, where ℘ 1 = T + α and ℘ 2 = T + α + 1. Since C T +α−1 (1) = ℘ 1 ≡ 0 (mod ℘ 1 ) and C T +α (1) = ℘ 2 ≡ 0 (mod ℘ 2 ), we deduce that ℘ 1 , ℘ 2 are not Zsigmondy primes for (1, m). In particular, this implies that ℘ 1 , ℘ 2 are not large Zsigmondy primes for (1, m) .
Since deg(m + 1) = deg(m), and (m + 1) 2 does not divide C m (1), we see that m + 1 is not a large Zsigmondy prime for (1, m), and hence (iii) in Lemma 6.7 is satisfied. By Theorem 4.4, we know that there exists a Zsigmondy prime for (1, m), and it thus follows from Corollary 6.3 that m + 1 is the only Zsigmondy prime for (1, m) . Therefore m satisfies (ii) in Lemma 6.7, and thus m ∈ X 6 . Hence
Lemma 6.8. Assume that q > 2. Let X 7 be the set of all monic primes of degree one in F q [T ] . Then there are no large Zsigmondy primes for (1, m) for any m ∈ X 7 .
Proof. Take any element m ∈ X 7 . Then m is a monic prime of degree one in F q [T ], and thus is of the form m = T + α for some α ∈ F q . It is easy to see that
Thus ℘ = T + α + 1 is the only monic prime dividing C m (1). Since deg(℘) = 1 = deg(m), and ℘ 2 does not divide C m (1), we deduce that ℘ is not a large Zsigmondy prime for (1, m) . Therefore there are no large Zsigmondy primes for (1, m), which proves our contention. for (1, m) . Then
Proof. Note that any monic prime ℘ of degree one in F 3 [T ] is of the form ℘ = T + α for some α ∈ F 3 . Hence it is easy to see that
Now take any element m = (T + α) 2 for some α ∈ F 3 . It is not difficult to see that
which is a prime in
where
Since deg(℘) = 1 < 2 = deg(m), and ℘ 2 does not divide m, we deduce that ℘ is not a large Zsigmondy prime for (1, m) . Similarly one can show that m + 1 is not a large Zsigmondy prime for (1, m), and therefore there are no large Zsigmondy primes for (1, m). Hence m satisfies (iii).
On the other hand, Theorem 4.4 tells us that there exists a Zsigmondy prime for (1, m), and it follows from Corollary 6.3 that m + 1 is the only Zsigmondy prime for (1, m). Thus m satisfies (ii), and hence m ∈ X 8 . Therefore our contention follows. Proof. We know that the set {T, T + 1, T + w, T + w 2 } consists of all monic primes of degree one in F 4 [T ] . Now let Y 9 be the set of all monic polynomials m ∈ F 4 [T ] such that m satisfies (i) in Lemma 6.10, and m + 1 is a prime in F 4 [T ] . By computation, one sees that
We should note that X 9 ⊂ Y 9 , and that an element m in Y 9 belongs to X 9 if and only if it satisfies both conditions (ii) and (iii) in Lemma 6.10.
Take any element m ∈ Y 9 . Examining closely (51), one sees that
where α ∈ {0, 1} and β ∈ {w, w 2 }. We deduce that
where ℘ 1 = T + α + 1 and ℘ 2 = T + β + 1. Since deg(m + 1) = deg(m) = 2 and (m + 1) 2 does not divide C m (1), we find that m + 1 is not a large Zsigmondy prime for (1, m) . Furthermore since C T +α (1) = ℘ 1 ≡ 0 (mod ℘ 1 ) and C T +β (1) = ℘ 2 ≡ 0 (mod ℘ 2 ), one sees that ℘ 1 , ℘ 2 are non-Zsigmondy primes for (1, m) . In particular, this implies that ℘ 1 , ℘ 2 are not large Zsigmondy primes for (1, m). Thus there are no large Zsigmondy primes for (1, m), and hence (iii) in Lemma 6.10 is satisfied.
We should also note that no elements in Y 9 are in the exceptional case (EC2) of Theorem 5.2. Thus there exists a Zsigmondy prime for (1, m), and therefore we, by appealing to Corollary 6.3, deduce that m + 1 is the only Zsigmondy prime for (1, m) . This proves that m ∈ X 9 , which proves our contention. (1, m) . Then
Proof. Let Y 10 be the set of all monic polynomials m ∈ F 3 [T ] such that m + 1 is a prime, and both conditions (i), (ii) in Lemma 6.11 are satisfied. By computation, one sees that
We should note that X 10 ⊂ Y 10 , and that an element m in Y 10 belongs to X 10 if and only if it satisfies both conditions (iii) and (iv) in Lemma 6.11.
We first prove that for an element m ∈ Y 10 , if there exists a monic prime P of degree 5 such that P divides C m (1), but P 2 does not divide C m (1), then P is a large Zsigmondy prime for (1, m). In particular, this implies that such an element m does not belong to X 10 . Indeed, take such an element m ∈ Y 10 , and let n be any nonzero polynomial such that deg(n) < deg(m). Since deg(m) = 3, we deduce that deg(n) ≤ 2, and thus deg(n) ∈ {0, 1, 2}.
If deg(n) = 0, then n ∈ F × q , and thus C n (1) = n ≡ 0 (mod P ) since deg(P ) = 5. If 1 ≤ deg(n) ≤ n, we, by appealing to Proposition 2.5, find that
which proves that C n (1) ≡ 0 (mod P ). Thus P is a Zsigmondy prime for (1, m), and since deg(P ) = 5 > 3 = deg(m), we deduce that P is a large Zsigmondy prime for (1, m). In particular, since m does not satisfy condition (iv) in Lemma 6.11, we see that m does not belong to X 10 .
Since the P i are monic primes of degree 5, we deduce from the fact above that T 3 + T 2 + 1, T 3 + T 2 + 2T , T 3 + T 2 + T + 1 do not belong to X 10 . We now prove that T 3 + 2T belongs to X 10 . Indeed, setting m = T 3 + 2T , we see that
, where ℘ 1 = T , ℘ 2 = T + 1, and ℘ 3 = T + 2. Since C T −1 (1) = ℘ 1 , C T (1) = ℘ 2 , and C T +1 (1) = ℘ 3 , we see that ℘ 1 , ℘ 2 , ℘ 3 are not Zsigmondy primes for (1, m) . In particular, this implies that ℘ 1 , ℘ 2 , ℘ 3 are not large Zsigmondy primes for (1, m) .
On the other hand, since deg(m + 1) = deg(m) and (m + 1) 2 does not divide C m (1), we deduce that m + 1 is not a large Zsigmondy prime for (1, m), which in turn implies that condition (iv) in Lemma 6.11 is satisfied. Furthermore Theorem 4.4 tells us that there exists a Zsigmondy prime for (1, m), and it thus follows from Corollary 6.3 that m + 1 is the only Zsigmondy prime for (1, m). Therefore condition (iii) in Lemma 6.11 is satisfied, and hence m = T 3 + 2T ∈ X 10 . Thus
In order to rule out some exceptional cases in the proof of Theorem 6.16, we need to strengthen Lemma 4.1, and obtain a sharper lower bound for Φ(m) in the case when m is a power of a monic prime, or m is a monic prime of degree at least two. The next four results are devoted to obtaining a sharper lower bound for Φ(m) in these special cases.
Lemma 6.12. Assume that q > 2. Let ℘ be a monic prime of degree ≥ 2. Then
Furthermore equality in (53) occurs if and only if deg(℘) = 2.
Proof. Let H(α) be the function defined by
where α ranges over the set [2, ∞) . Note that (53) is equivalent to the inequality
We prove that H is a strictly increasing function over the interval [2, ∞) . Indeed, the derivative of H is equal to
and since q ≥ 3 and α ≥ 2, we deduce that
Thus H is a strictly increasing function over the interval [2, ∞), and therefore
Note that equality in (55) occurs if and only if α = 2. Now replacing α by deg(℘) in (55), Lemma 6.12 follows immediately.
Since q 2 − 2q − 1 = q(q − 2) − 1 ≥ 2, the next result follows immediately from Lemma 6.12.
Corollary 6.13. Assume that q > 2. Let ℘ be a monic prime of degree ≥ 2. Then
Lemma 6.14. Assume that q > 2. Let ℘ be a monic prime, and let s be an integer such that s ≥ 2. Then
Furthermore equality in (56) occurs if and only if deg(℘) = 1 and s = 2.
Proof. Let F (α) be the function defined by
where α ranges over the set [1, ∞) . Note that (56) is equivalent to the inequality
We prove that F is a strictly increasing function over the interval [1, ∞) . Indeed, the derivative of F is equal to
Since q ≥ 3, s ≥ 2, and α ≥ 1, we deduce that ln(q) ≥ ln(3) > 1, q (s−1)α−1 ≥ q 0 = 1, and thus
On the other hand, since q α ≥ 3, we deduce that
Combining (59), (60), and noting that 2s + 1 ≥ 5, we deduce from (58) that
which proves that F is a strictly increasing function over the interval [1, ∞) . Therefore
for any α ≥ 1. We should note that equality in (61) occurs if and only if α = 1. Now consider the function G(β) of the form
where β ranges over the set [2, ∞) . Note that
We prove that G is a strictly increasing function over the interval [2, ∞) . Indeed, the derivative of G is equal to
Since q ≥ 3 and β ≥ 2, we deduce that
Therefore G is a strictly increasing function over the interval [2, ∞). Hence
for any β ≥ 2. We should also note that equality in (65) occurs if and only if β = 2.
Replacing α, β by deg(℘), s in (61), (65), respectively, we deduce from (63) that
which proves (56).
Note that equality in (66) occurs if and only both equalities in (61), (65) occur. By the remarks following (61), (65), we deduce that equality in (56) occurs if and only deg(℘) = 1 and s = 2.
Corollary 6.15. Assume that q > 2. Let ℘ be a monic prime, and let s be an integer such that s ≥ 2. Then
Furthermore equality in (67) occurs if and only if q = 3, deg(℘) = 1, and s = 2.
Proof. If deg(m) = 0, then m = 1, and it thus follows from the assumption that u is of positive degree. It is easy to see that any monic prime ℘ dividing u is a large Zsigmondy prime for (u, m) = (u, 1). For the rest of the proof, without loss of generality, one can assume that m is of positive degree.
We first consider the cases when we are in one of the exceptional cases (EC-I)-(EC-IX). If we are in the exceptional case (EC-I) or the exceptional case (EC-II), then Theorem 4.4 and Theorem 5.2 tell us that there are no Zsigmondy primes for (u, m), and thus there are no large Zsigmondy primes for (u, m).
On the other hand, Lemmas 6.4, 6.5, 6.7, 6.8, 6.9, 6.10, and 6.11 tell us that there are no large Zsigmondy primes for (u, m) if we are in one of the exceptional cases (EC-III)-(EC-IX).
Suppose, for the rest of the proof, that we are not in any of the exceptional cases (EC-I)-(EC-IX). We prove that there exists a large Zsigmondy prime for (u, m). Assume the contrary, that is, (LZP0) there exist no large Zsigmondy primes for (u, m). By Theorem 4.4 and Theorem 5.2, we know that there exists a Zsigmondy prime for (u, m), and it thus follows from Corollary 6.3 that the following are true: (LZP1) m + 1 is the only Zsigmondy prime for (u, m); and (LZP2) either Ψ m (u) = ǫ(m + 1) for some unit ǫ ∈ F × q or Ψ m (u) = ǫq(m + 1) for some unit ǫ ∈ F × q and some monic prime q dividing m. We consider the following two cases: ⋆ Case 1. Ψ m (u) = ǫq(m + 1) for some unit ǫ ∈ F × q and some monic prime q dividing m. Since gcd(m, m + 1) = 1 and q divides m, we deduce that gcd(q, m + 1) = 1. Hence we, by appealing to (LZP1), find that q is a non-Zsigmondy prime for (u, m). Since q divides Ψ m (u), it follows from Corollary 3.8(ii) that m is of the form
where P u,q is the Carlitz annihilator of (u, q) and s is a positive integer.
We consider the following two subcases, according as to whether deg(u) ≥ 1 or deg(u) = 0. ⋆ Subcase 1A. deg(u) ≥ 1. Since deg(P u,q ) ≥ 0, we consider the following two subsubcases, according as to whether deg(P u,q ) = 0 or deg(P u,q ) ≥ 1.
• Subsubcase 1A(i). deg(P u,q ) = 0. By Definition 3.2, we see that P u,q = 1. From (71), we find that If deg(q) ≥ 2, then we deduce from Corollary 6.13 that
which is a contradiction to (77). Hence we deduce that deg(q) = 1.
Recall that deg(u) = 1 and P u,q = 1. By Proposition 3.3(ii), we find that q divides u, and since deg(u) = deg(q) = 1 and q, u are monic polynomials, we deduce that q = u.
In summary, we have showed that q = 3, and m = u = q which is a monic prime of degree one in
. By appealing to (LZP0) and (LZP1), this implies that we are in the exceptional case (EC-IV), which is a contradiction.
• Subsubcase 1A(ii). deg(P u,q ) ≥ 1. Set
Recall from Proposition 3.3(i) that P u,q divides q − 1, and since gcd(q, q − 1) = 1, we deduce that gcd(P u,q , q) = 1. Hence by appealing to Lemma 4.1, we deduce from (71) that
Since deg(u) ≥ 1, we deduce from Lemma 2.7 and (80) that Combining (81) and (82), we find that
Since λ ≥ 1, γ ≥ 1, and s ≥ 1, we deduce that
On the other hand, since λ ≥ 1, γ ≥ 1, and s ≥ 1, we see that
Combining (84) and (85), and note that (q − 1)
2 ≥ 4, we deduce that
which is a contradiction to (83).
⋆ Subcase 1B. deg(u) = 0, i.e., u = 1. Note that in this subcase, P u,q = P 1,q since u = 1. Recall from Proposition 3.3(i) that P 1,q divides q − 1, and since gcd(q, q − 1) = 1, we deduce that gcd(P 1,q , q) = 1. We should also note from Proposition 3.3(ii) that deg(P 1,q ) ≥ 1, and that
We see from Lemma 4.1 and (71) that We consider the following three subsubcases, according as to whether deg(P 1,q ) ≥ 3, deg(P 1,q ) = 2, or deg(P 1,q ) = 1.
• Subsubcase 1B(i). deg(P 1,q ) ≥ 3 By (86), we see that deg(q) ≥ deg(P 1,q ) ≥ 3.
Since q ≥ 3 and s ≥ 1, we deduce that 3sq − (7s + 2) ≥ 9s − (7s + 2) = 2s − 2 ≥ 0, and thus s(q − 1) 2 deg(P 1,q ) − q(s + 2) ≥ 3s(q − 1) 2 − q(s + 2) = q(3sq − (7s + 2)) + 3s ≥ 3.
Therefore deg(q)(s(q − 1) 2 deg(P 1,q ) − q(s + 2)) ≥ 9, which is a contradiction to (90).
• Subsubcase 1B(ii) deg(P 1,q ) = 2 We, by appealing to (86), find that deg(q) ≥ deg(P 1,q ) = 2.
If q ≥ 4, we see that 2sq − (5s + 2) ≥ 8s − (5s + 2) = 3s − 2 ≥ 1, and thus s(q − 1) 2 deg(P 1,q ) − q(s + 2) = 2s(q − 1) 2 − q(s + 2) = q(2sq − (5s + 2)) + 2s ≥ 4 + 2 = 6.
Hence deg(q)(s(q − 1) 2 deg(P 1,q ) − q(s + 2)) ≥ 12, which is a contradiction to (90). Suppose now that q = 3. By (90), and since deg(q) ≥ deg(P 1,q ) = 2, we see that
≥ s(q − 1) 2 deg(P 1,q ) − q(s + 2) = 8s − 3(s + 2) = 5s − 6, and thus s ≤ 13 10 .
Since s is a positive integer, we deduce from the last inequality that s = 1. By Proposition 2.5, we know that deg(C P1,q (1)) = q deg(P1,q)−1 = 3 2−1 = 3, and since C P1,q (1) ≡ 0 (mod q) (recall that P 1,q is the Carlitz annihilator of (1, q)), and deg(q) ≥ 2, we deduce that either deg(q) = 2 or deg(q) = 3. In summary, by appealing to (LZP1), we find that the following are true:
(i) q = 3, u = 1, and m = P 1,q q, where q is a monic prime in F 3 [T ] of degree 2 or 3 such that the Carlitz annihilator P 1,q of (1, q) is of degree 2; (ii) m + 1 is a prime in
This, in particular, implies m ∈ X 5 , where X 5 is the set in Lemma 6.6. Hence X 5 = ∅, which is absurd since we know from Lemma 6.6 that X 5 = ∅.
• Subsubcase 1B(iii). deg(P 1,q ) = 1 By Proposition 2.5, we know that deg(C P1,q (1)) = q deg(P1,q)−1 = q 0 = 1, and since C P1,q (1) ≡ 0 (mod q) and deg(q) ≥ 1, we deduce that deg(q) = 1. Since P 1,q , q − 1 are monic polynomials, P 1,q divides q − 1 (see Proposition 3.3(i)), and deg(P 1,q ) = deg(q − 1) = deg(q) = 1, we deduce that
If q ≥ 5, we see that sq − (3s + 2) ≥ 5s − (3s + 2) = 2s − 2 ≥ 0. Combining (90) and (92), we find that deg(q)(s(q − 1) 2 deg(P 1,q ) − q(s + 2)) = 1, which implies that equality in (92) occurs. By appealing to the remarks following (91) and (92), we find that q = 5 and s = 1. By appealing to (LZP0) and (LZP1), we find that the following are true:
(i) q = 5, u = 1, and m = P 1,s = (q − 1)q, where q is a monic prime of degree one in This, in particular, implies that m ∈ X 6 , where X 6 is the set in Lemma 6.7. This is equivalent to saying that we are in the exceptional case (EC-V), which is a contradiction.
For the rest of Subsubcase 1B(iii), it remains to consider the case when q = 3 or q = 4. If q = 4, recall that deg(q) = deg(P 1,q ) = 1, and thus we see from (90) that 1 ≥ deg(q)(s(q − 1) 2 deg(P 1,q ) − q(s + 2)) = 5s − 8. If s = 1, we deduce that m = (q − 1)q. Since q = 3, u = 1, and q is a monic prime of degree one in F 3 [T ], we see that we are in the exceptional case (EC-I), which is a contradiction. If 2 ≤ s ≤ 7, we, by appealing to (LZP0) and (LZP1), find that m ∈ X 3 , where X 3 is the set in Lemma 6.4. This, in turn, is equivalent to saying that we are in the exceptional case (EC-III), which is a contradiction.
⋆ Case 2. Ψ m (u) = ǫ(m + 1) for some unit ǫ ∈ F 
where s is a positive integer, and n is a monic polynomial such that gcd(n, ℘) = 1.
We consider the following subcases, according as to whether deg(n) = 0 or deg(n) ≥ 1. ⋆ Subcase 2A. deg(n) = 0. In this subcase, since n is monic, we see that n = 1, and thus
We first consider the case when s = 1. If deg(℘) = 1, then m = ℘ is a monic prime of degree one in F q [T ] . This implies that m ∈ X 7 , where X 7 is the set in Lemma 6.8. Recall that u = 1. Hence we are in the exceptional case (EC-VI), which is a contradiction.
Suppose now that deg(℘) ≥ 2. Since m = ℘ is a monic prime, we deduce from Lemma 2. 
and it thus follows from Corollary 6.15 that
Therefore equality in (98) occurs, and hence we deduce from Corollary 6.15 that q = 3, deg(℘) = 1, and s = 2. Then q = 3, u = 1, and m = ℘ 2 , where ℘ is a monic prime of degree one in F 3 [T ] . By (LZP0), (LZP1), we deduce that m ∈ X 8 , where X 8 is the set in Lemma 6.9. This implies that we are in the exceptional case (EC-VII), which is a contradiction.
⋆ Subcase 2B. deg(n) ≥ 1. We first prove that the following is true: (LZP3) m is square-free, that is, q 2 does not divide m for any monic prime q.
Assume that (LZP3) does not hold, i.e., there exists a monic prime q such that q 2 divide m. Then one can write m in the form
where r ≥ 2, and u is a monic polynomial such that gcd(u, q) = 1. Note that since m = n℘ s (see (94) We therefore, by appealing to (LZP0), (LZP1), and (LZP3), find that m ∈ X 10 , where X 10 is the set in Lemma 6.11. This implies that we are in the exceptional case (EC-IX), which is a contradiction.
In any event, by all of what we have showed above, we deduce that there exists a large Zsigmondy prime for (u, m), and therefore Theorem 6.16 follows immediately.
